Abstract: A Carnot group G is a connected, simply connected, nilpotent Lie group with strati ed Lie algebra. We study intrinsic Lipschitz graphs and intrinsic di erentiable graphs within Carnot groups. Both seem to be the natural analogues inside Carnot groups of the corresponding Euclidean notions. Here 'natural' is meant to stress that the intrinsic notions depend only on the structure of the algebra of G. We prove that one codimensional intrinsic Lipschitz graphs are sets with locally nite G-perimeter. From this a Rademacher's type theorem for one codimensional graphs in a general class of groups is proved.
Introduction
The notion of intrinsic graphs within Carnot groups (connected, simply connected, strati ed nilpotent Lie groups) and, speci cally of intrinsic Lipschitz graphs has been introduced with di erent degrees of generality in [21] , [7] , [23] . In [17] the authors provide a comprehensive presentation of this theory.
The aim of the present paper is to give an introduction to the notion of intrinsic di erentiable functions within a Carnot group G and to prove the a.e. intrinsic di erentiability of one dimensional intrinsic Lipschitz functions within a wide class of Carnot groups.
As it will appear clearly later, our interest in intrinsic Lipschitz functions and in intrinsic di erentiable functions originates from the problem of de ning appropriately recti able sets within Carnot groups.
We recall a few facts about Carnot groups. Using exponential coordinates, a Carnot group G can be identi ed with (R n , ·), i.e. the Euclidean space R n with a group law x, y → x · y, whose form depends on the structure of the Lie algebra g of G through Campbell-Hausdor formula. In general, (R n , ·) fails to be abelian.
Euclidean spaces are the only commutative Carnot groups, the simplest non-trivial instances of non commutative Carnot groups are Heisenberg groups H n = (R n+ , ·).
Carnot groups are endowed with two families of transformations: the (left) translations τp : G → G de ned as q → τpq := p · q, and the non-isotropic group dilations δ λ : G → G. On all Carnot groups is de ned an intrinsic distance, the so called Carnot-Carathéodory distance (brie y, cc-distance) that is left invariant and 1-homogeneous with respect to group dilations.
The adjective "intrinsic" is meant to emphasize a privileged role played by group translations and dilations. In other words, "intrinsic" notions in a group G are those notions depending only on the structure of its Lie algebra g.
It is well known that non commutative Carnot groups, endowed with the geometry associated with their cc-distance, are not Riemannian at any scale ( [38] ). Therefore, geometric analysis in Carnot groups cannot be reduced to its Euclidean counterpart and ts better in the larger stream of the geometric analysis and of geometric measure theory in metric spaces.
In the attempt of developing geometric measure theory in metric spaces, several notions of recti ability have been proposed in the last few years: see [2] , [3] , [18] , [22] , [29] , [37] , and to the references there.
In Euclidean spaces, recti able sets are obtained, up to a negligible subset, by "gluing up" countable families of compact subsets of C or of Lipschitz submanifolds. Hence, understanding the notions of C and of Lipschitz submanifolds within Carnot groups is preliminary in order to develop a satisfactory theory of intrinsic recti able sets. We refer the reader to [17] for a thorough discussion of the problem that lies behind our notion of Lipschitz graph.
Let us sketch here the main points of the discussion in [17] . First of all, we stress that considering Euclidean regular submanifolds may be sometimes too general and sometimes too restrictive. Indeed, on one side regular lines within a group are the so called horizontal curves (see De nition 2.1.1), that constitute a proper subclass of Euclidean regular curves. On the other side, the example in [26] shows a one codimensional surface that has to be considered a C surface inside the Heisenberg group H but that is a fractal set from an Euclidean point of view.
We recall that in Euclidean spaces C submanifolds can be locally and equivalently viewed as (i) C injective images of an open subset of a linear space; (ii) non-critical level sets of C -functions; (iii) graphs of C maps between complementary linear subspaces.
Notion (i) has a natural counterpart in general metric spaces that goes back at least to Federer's book (see [15] and [2] ). According to this de nition, Lipschitz submanifolds of a metric space are Lipschitz images of open subsets of Euclidean spaces. When working with a Carnot group G, open subsets of homogeneous subgroups of G might be more natural parameter spaces (see [37] and [29] ). Recti able curves are instances of this class of sets.
Notion (ii) has been largely studied in the recent literature, thanks to the implicit function theorem in Carnot groups proved in [18] and [19] .
However, neither point of view (i) nor (ii) seem to describe the complexity of the geometry of Carnot groups, even of the Heisenberg groups. Indeed in H n , low dimensional regular surfaces cannot be seen as non critical level sets and low codimensional ones cannot be seen as (bilipschitz) images of open sets of R n .
The reason is hidden in the algebraic structure of H n . Low dimensional horizontal subgroups of H n are not normal subgroups, hence they cannot be kernels of homogeneous homomorphisms [2] and [28] ). One could object that this di culty might be overcome using subgroups of G instead of R d as a parameter space, but this is not the case as examples in [8] and in [6] show. Notion (iii) of graph appears at the rst glance as ill-suited to be generalized outside Euclidean setting, since Carnot groups in general fail to be Cartesian products of subgroups. This obstacle can be overcome when the group G can be decomposed as a product G = M · H of two homogeneous complementary subgroups M and H (De nition 2.2.1). If M and H are complementary homogeneous subgroups of G, then the intrinsic (left) graph of f :
Notice that if G is a Cartesian product of two homogeneous subgroups then it is decomposable. Intrinsic graphs appeared naturally in [21] , [7] , [23] in relation with non critical level sets of di erentiable functions from G to R k . Indeed, the implicit function theorem within groups ( [18] , [22] , [19] , [12] , [13] ) can be rephrased stating that level sets are always, locally, intrinsic graphs.
Intrinsic graphs are 'intrinsic' since they keep being intrinsic graphs after left translations or homogeneous automorphisms of the group (dilations in particular): see Proposition 2.2.5. Moreover, the notion of intrinsic graph is more general than the notion of parametrized set or of level set. Indeed, already in Heisenberg groups, both non critical level sets and images of regular maps are locally intrinsic di erentiable graphs (see [7] ) while, as observed before, the opposite is false.
A further step consists now in the characterization of Lipschitz graphs when the group G admits a decomposition G = M · H. Since the Carnot group is endowed with its cc-distance, it might appear natural to consider graphs of cc-Lipschitz maps from M to H. Unfortunately, this notion is not invariant under group translations (except in trivial cases), and must be abandoned. We can proceed as follows: canonical projections P M and P H are de ned by the identity P M g·P H g ≡ g for g ∈ G. These projections allow to de ne intrinsic cones as follows: the cones C M,H (g, β), with basis M, axis H, vertex g ∈ G, opening β ≥ are de ned as
where e is the unit element of G. We say that f :
Going back to our original motivation related to the notion of recti ability, we can wonder whether the notion of Lipschitz graph yields suitable di erentiability properties as in the Euclidean setting.
With this aim, we proceed as follows: a function f : M → H is intrinsically di erentiable at m ∈ M if the graph of f has a tangent subgroup in p := mf (m). By this we mean the following: left translating the graph we can assume without loss of generality that p = e. We say that an homogeneous subgroup T is a tangent subgroup to graph (f ) in e if (i): T is a complementary subgroup of H and if (ii): in any compact subset of G Another more analytic de nition of di erentiability uses intrinsic linear functions, i.e. functions whose graphs are homogeneous subgroups. We prove that the two de nitions are equivalent. We recall also that an extensive study of intrinsic di erentiability following an alternative but (likely) equivalent approach has been carried on in [5] , [9] , [10] [35] .
In the last part of the paper we specialize to the case G = M · V with V one dimensional and horizontal where G is a Carnot group of type * (see De nition 4.3.1). In this case we prove the following Rademacher's type theorem (see Theorem 4.3.5).
Let M and V be complementary subgroups of a Carnot group G of type *, with V one-dimensional and horizontal.
Going back to the problem of the notion of recti able sets, from our Rademacher's theorem it follows (as in Euclidean spaces) the equivalence of de ning one codimensional recti able sets with intrinsic C submanifolds or with intrinsic Lipschitz graphs.
Clearly it is natural to ask, and it is an open problem as far as we know, whether a Rademacher's type theorem holds for one dimensional valued intrinsic Lipschitz functions inside a general Carnot groups. One should also ask the equivalently natural question if Rademaker's theorem holds for intrinsic Lipschitz functions valued in higher dimensional horizontal homogeneous subgroups.
The plan of the work is the following: Section 2 contains basic notions about intrinsic graphs within Carnot groups and about the structure of intrinsic Lipschitz graphs. Section 3 contains de nitions and properties of intrinsic di erentiable functions. Section 4 is specialized to functions with values in one dimensional subgroups. It contains the equivalence of (intrinsic) approximate di erentiability and di erentiability for intrinsic Lipschitz functions. As a byproduct a Rademacher's theorem for intrinsic Lipschitz functions in Carnot groups of type * is proved and also the equivalence of the two natural notions of recti able sets.
Intrinsic functions and intrinsic Lipschitz functions . Notations about Carnot groups
For a general account, see e.g. [11, 16, 25] . A graded group of step κ is a connected, simply connected Lie group G whose nite dimensional Lie algebra g = g ⊕ · · · ⊕ gκ is the direct sum of κ subspaces g i such that
where g i = for i > κ. We denote by n the dimension of g and as n j the dimension of g j , for ≤ j ≤ κ. A Carnot group G of step κ is a graded group of step κ, where g generates all of g. That is [g ,
. . , Xn} be a base for g such that {X , . . . , Xm } is a base for g and {X mj− + . . . , Xm j } is a base for g j for < j ≤ κ. Here m = and m j − m j− = n j . Later on we shall use a scalar product ·, · in g making X , . . . , Xn orthonormal and we shall denote by | · | the norm on g associated with ·, · .
The exponential map is a global di eomorphism from g to G. Hence any p ∈ G can be written, in a unique way, as p = exp(p X + · · · + pnXn) and we identify p with the n-tuple (p , . . . , pn) ∈ R n and G with (R n , ·),
i.e. R n endowed with the product ·. The identity of G is e = ( , . . . , ).
If G is a graded group the (non isotropic) dilations δ λ : G → G de ned, when λ ≥ , as
We denote the product of p and q ∈ G as p · q or more frequently as pq. The explicit expression of the group operation · is determined by the Campbell-Hausdor formula. It has the form
where Q = (Q , . . . , Qn) : R n × R n → R n and each Q i is a homogeneous polynomial of degree α i with respect to the intrinsic dilations of G. 
It is useful to think
The Carnot-Carathéodory distance dc of p, q ∈ G is de ned as dc(p, q) := inf T > : there exists a sub-unit curve γ with γ( ) = p, γ(T) = q . By Chow's Theorem, the set of sub-unit curves joining p and q is not empty, furthermore dc is a distance on G that induces the Euclidean topology (see [11] 
for all p, q ∈ G and λ > . Given any homogeneous norm · on G, it is possible to de ne a distance d(·, ·) in
2) is comparable with the Carnot-Carathéodory distance dc. Both d and dc are left translation invariant and 1-homogeneous, i.e.
for all p, q, g ∈ G and all λ > , and similarly for dc. 
We denote metric dimension of E ⊂ G the Hausdor dimension of E with respect to any one of the equivalent measures previously de ned.
De nition 2.1.2. The integer
where dim g i is the dimension of g i as a vector space. We stress that Q is also the Hausdor dimension of R n with respect to dc (see [33] ).
Finally we recall (see e.g. [40] ) that the n-dimensional Lebesgue measure L n is the Haar measure of the group
. Complementary subgroups and graphs
From now on G will be a Carnot group identi ed with R n through exponential coordinates. An homogeneous subgroup H of G (see [39, 5.2.4] ) is a Lie subgroup such that δ λ g ∈ H, for all g ∈ H and for all λ > . Homogeneous subgroups are linear subspaces of G, when G is identi ed with R n .
De nition 2.2.1. Let M, H be homogeneous subgroups of G. We say that M, H are complementary subgroups in G, if M ∩ H = {e} and if
If M, H are complementary subgroups of G and one of them is a normal subgroup then G is said to be the semi-direct product of M and H. If both M and H are normal subgroups then G is said to be the direct product of M and H. The elements m ∈ M and h ∈ H such that g = mh are unique because of M ∩ H = {e} and are denoted as components of g along M and H or as projections of g on M and H. Proposition 2.2.2 (see [7, 17] 
From now on, we will keep the following convention: when M, H are complementary subgroups in G, M will always be the rst 'factor' and H the second one. g M ∈ M and g H ∈ H will be the unique elements such that
Observe that, because in general the group is not abelian,
Moreover we stress that denoting as g M and g H the projections of g along M and H may be ambiguous. Indeed each component g M or g H depends on both the complementary subgroups M and H and also on the order under which they are taken. Given a couple M and H of complementary subgroups of G, the projection maps P M : G → M and
The notations g M or P M (g) will be used indi erently, the choice being suggested by typographical reasons only. Di erently from Euclidean spaces, P M : G → M and P H : G → H are not always Lipschitz maps, when
M and H are endowed with the restriction of the left invariant distance d of G (see the example in [17] ). 
A j is the identity on M j , and B j is the identity on
Now we come to the main de nition.
De nition 2.2.4.
Let H be a homogeneous subgroup of G. We say that a set S ⊂ G is an intrinsic (left)
One has an important special case when H admits a complementary subgroup M. Indeed, in this case, there is a one to one correspondence between left cosets of H and points of M, hence S is a left H-graph if and only if there is f :
By uniqueness of the components along M and H, if S = graph (f ) then f is uniquely determined among all functions from M to H. From now on we will consider mainly H-graphs that are graphs of functions acting between complementary subgroups.
If a set S ⊂ G is an intrinsic (left) graph in direction H then it keeps being an intrinsic (left) graph in direction H after left translations or group dilations. Proposition 2.2.5 (See [7, 17] 
The algebraic expression of fq in Proposition 2.2.5 can be made more explicit when G is a semi-direct product of M, H (see e.g. Remark 2.2.23 in [17] ).
Remark 2.2.6. From Proposition 2.2.5 and the continuity of the projections P M and P H it follows that the continuity of a function is preserved by translations. Precisely, given q and f : M → H, then the translated function fq is continuous in m ∈ M if and only if the function f is continuous in the corresponding point P M (q − m).
. Intrinsic Lipschitz functions
Intrinsic Lipschitz functions in G are functions, acting between complementary subgroups of G, with graphs non intersecting naturally de ned cones. Hence, the notion of intrinsic Lipschitz graph respects strictly the geometry of the ambient group G.
We begin with two de nitions of intrinsic cones.
De nition 2.3.1. Let H be a homogeneous subgroup of G, q ∈ G. The cones X(q, H, α) with axis H, vertex q, opening α, ≤ α ≤ are de ned as
If M, H are complementary subgroups in G, q ∈ G and β ≥ , the cones C M,H (q, β), with base M, axis H, vertex q, opening β are de ned as 
Now we introduce the main de nition of this paragraph.
De nition 2.3.3.
Let H be an homogeneous subgroup, not necessarily complemented in G.
(ii) If there is a subgroup M such that M, H are complementary subgroups in G, we say that f :
The Lipschitz constant of f in E is the in mum of theL > such that (2.6) holds. We collect a few properties of about Lipschitz functions. All the proofs, here omitted, can be found in [17] . First we observe that the geometric de nition of intrinsic Lipschitz graphs has equivalent analytic forms (see also [7] , [21] , [23] ). 
The relations between the constant C and the Lipschitz constant L of f follow from (2.
and f is intrinsic L-Lipschitz.
In general intrinsic Lipschitz functions are not metric Lipschitz functions. By this we mean that, if f : M → H is intrinsic Lipschitz then this does not yield the existence of a constant C such that
not even locally. For a more complete discussion about this see Remark 3.1.8 of [17] . Nevertheless intrinsic Lipschitz functions are metric Hölder continuos and hence uniformly continuous.
Proposition 2.3.6. Let M, H be complementary subgroups in a step
(ii) f is κ -Holder continuous on bounded subsets of E. Precisely, for all R > , there is w ∈ R}. Since E is an horizontal curve, its metric dimension equals 1. But f (E) = {( , w , −w / ) : w ∈ R} is not anymore an horizontal curve, hence its metric dimension is larger than 1, indeed it equals 2.
A non trivial corollary of Theorem 2.3.7 will be that -codimensional intrinsic Lipschitz graphs are boundaries of sets of locally nite G-perimeter (see Theorem 4.2.8).
The extension property for intrinsic Lipschitz functions taking values in one dimensional subgroups, as stated in Theorem 2.3.10, is one of the main results in [17] and is a key instrument in proving the equivalence of the two de nitions of recti able sets given in De nition 4.4.3. 
for all m ∈ B.
Intrinsic Di erentiable functions . Intrinsic Linear Functions
A function f : M → H, acting between complementary subgroups of G, is intrinsic di erentiable in a point m ∈ M if the graph of f has a tangent homogeneous subgroup in mf (m) ∈ graph (f ) (see De nition 3.2.6). This notion can be stated also in terms of the existence of an approximating intrinsic linear function. Intrinsic linear functions are functions whose graphs are homogeneous subgroups. We begin with this second approach. is intrinsic linear because graph ( ) = {(t, at, ) : t ∈ R} is a 1-dimensional homogeneous subgroup of H . This is not a group homomorphism from V to W.
De nition
Intrinsic linear functions can be algebraically characterized as follows. To get a more explicit expression we change variables. To do this, rst we observe that for each couple m ∈ M and h ∈ H there is exactly onem ∈ M such that
andm can be explicitly de ned asm
To prove that the choice ofm in (3.2) is unique observe that 
In the opposite direction, if we assume that enjoys the properties stated in the assumption then it is possible to prove that graph ( ) is an homogeneous subgroup of G. The proof follows exactly the same computations already indicated. 
Proof. (i): Observe that for all
On the other side graph ( ) ∩ H = e. Indeed, if g = m (m) ∈ H then m = e and g = (e). By the rst statement of Proposition 3.1.3 also (e) = e, hence g = e. (ii): We have to prove that V is a graph over M in direction H. That is we have to prove that each coset of H intersects V in at most one point. Indeed, if there are m ∈ M and h , h ∈ H such that mh ∈ V and mh ∈ V, then h Then : M → H is = P • P . By Proposition 2.2.3 both P and P are polynomial maps, hence also is a polynomial map. Observe that L is nite because is continuous. From the rst statement of Proposition 3.1.3 we have also that (m) ≤ L m , for all m ∈ M. This inequality can be stated geometrically as
for all α with < α < /L. By de nition of intrinsic linear functions,
for all α with < α < /L and for all p ∈ graph ( ). Hence by (iii) of De nition 2.3.3, is intrinsic L-Lipschitz.
. Intrinsic di erentiable functions
We use intrinsic linear functions to de ne intrinsic di erentiability as in the usual de nition of di erentiability.
De nition 3.2.1. Let M and H be complementary subgroups in G and
The intrinsic linear map dfm is called the intrinsic di erential of f inm. 
(iii) If both M and H are normal subgroups then f :
Remark 3.2.5. Pierre Pansu introduced in [36] a notion of di erentiability for maps between nilpotent groups, the di erential being an approximating homogeneous homomorphisms. More precisely, a function f , acting between two nilpotent groups G and G , is Pansu di erentiable inp ∈ G if there is an homogeneous homomorphism h : G → G such that
We remark that Pansu di erentiability and intrinsic di erentiability, when both of them make sense, are in general di erent notions. Indeed, let V, W be the complementary subgroups of H de ned as V = {v = (v , , ) : v ∈ R} and W = {w = ( , w , w ) : w , w ∈ R}. As observed before, an intrinsic linear function : V → W is of the form (v) = ( , av , −av / ), for any xed a ∈ R.
An homogeneous homomorphism h : V → W is of the form
Obviously, is intrinsic di erentiable in v = e while h is Pansu di erentiable in v = e. On the other side, it is easy to check that neither is Pansu di erentiable nor h is intrinsic di erentiable in v = e. Pansu di erentiability is not preserved after graph translations. Indeed, consider once more the function
It is easy to check that hp is not Pansu di erentiable in v = .
Finally, if G is the direct product of M and H
The analytic de nition of intrinsic di erentiability of De nition 3.2.1 has an equivalent geometric formulation. Indeed intrinsic di erentiability in one point is equivalent to the existence of a tangent subgroup to the graph. We begin with the de nition of tangent subgroup.
De nition 3.2.6. Let M, H be complementary subgroups in G, f : A ⊂ M → H with A relatively open in M and let T be an homogeneous subgroup in G. Let m ∈ A and p = mf (m) ∈ graph (f ). We say that p · T is a tangent (a ne) subgroup or tangent coset to graph (f ) in p if for all ε > there is λ = λ(ε) > such that
Remark 3.2.7. The de nition is translation invariant, that is p · T is the tangent (a ne) subgroup to graph (f ) in p if and only if T is the tangent subgroup to graph (f p − ) in e. 
(II) Conversely, if p := mf (m) ∈ graph (f ) and if there is T such that (1), (2), (3) hold, then f is intrinsic di erentiable in m and the di erential dfm : M → H is the unique intrinsic linear function such that T = graph (dfm).
Proof. By Remark 3.2.2 and Remark 3.2.7 we can assume without loss of generality that m = e and f (e) = e. Proof of (I). Because f is intrinsic di erentiable in e there is an intrinsic linear function dfe : M → H and δ :
De ne T := graph (dfe); then, for all m ∈ M,
where c is the constant in (2.4). Hence we proved that for all ε > there is λ(
Proof of (II). By assumption, the tangent subgroup T is complementary to H; hence, from Lemma 3.1.5, there is an intrinsic linear function : M → H such that T = graph ( ). We have to prove that = dfe. Because T is the tangent subgroup to graph (f ) in e, for all ε, < ε < , there is δ(ε) > such that dist (mf (m), T) ≤ ε mf (m) for all m ∈ M with m < δ(ε).
(3.5)
Observe that, for all x ∈ T,
Consequently, for all x ∈ T,
where <c ≤ is the constant in Proposition 2.2.2, but related here to the decomposition G = T · H.
Eventually we have 6) and from (3.5) and (3.6)
Denoting by L the Lipschitz constant of (remember Proposition 3.1.6), we have From (3.7) we obtain that
for all < ε < and for all m ∈ M with m < δ(ε). Hence is the intrinsic di erential of f in e and the proof is concluded.
One Codimensional Intrinsic Graphs
In this nal section we assume that M and V are complementary homogeneous subgroups in G and that V is one dimensional i.e. there is V ∈ g such that
Therefore V must be horizontal and M must be a normal subgroup. Since V = {exp (tV) : t ∈ R}, it can be identi ed with R. Hence V carries an order and we can de ne the supremum and the in mum of families of V-valued functions.
. Approximate tangent subgroups and intrinsic di erentiability
Here we prove that intrinsic di erentiability and the (weaker property of) existence of an approximate tangent subgroup (see De nition 4. 
We de ne the supergraph E + f and the subgraph E
We de ne the 'halfspaces' S
The following characterization of one dimensional intrinsic Lipschitz functions was proved in Section 4 of [17] . 
where, for p ∈ G and for r > ,
Remark 4.1.4. The notion of approximate intrinsic tangent subgroup is invariant by left translations. Observe also that De nition 4.1.3 is given in the spirit of De Giorgi's approach to tangents of nite perimeter sets (see [14] in Euclidean spaces, [18] for Heisenberg groups and Theorem 4.3.3 here).
Remark 4.1.5. If T = graph ( ) then T is the approximate tangent subgroup to graph (f ) in p if and only if 
is approximately intrinsic di erentiable in m if and only if f is intrinsic di erentiable in m.
Proof. Keeping in mind Remark 4.1.5, it is clear that di erentiability yields approximate di erentiability. On the other side, simply observe that, being f intrinsic Lipschitz, the dilated functions (f p − ) λ , λ > are a precompact family of functions, being equi Hölder-continuous and equibounded (see Proposition 2.3.6).
. Finite perimeter sets and intrinsic Lipschitz graphs
The subbundle of the tangent bundle TG that is spanned by the vector elds X , . . . , Xm plays a particularly important role in the theory, it is called the horizontal bundle HG; the bers of HG are
The scalar product ·, · in g induces a scalar product ·, · x and a norm | · |x in each ber of HG making X (x), . . . , Xm (x) an orthonormal basis of HGx. The sections of HG are called horizontal sections, a vector of HGx is an horizontal vector while any vector in TGx that is not horizontal is a vertical vector. Each horizontal section is identi ed by its canonical coordinates with respect to this moving frame X (x), . . . , Xm (x). This way, an horizontal section ϕ is identi ed with a function ϕ = (ϕ , . . . , ϕm ) :
The local boundedness of the (Q − )-dimensional Hausdor measure of intrinsic Lipschitz graphs (Theorem 2.3.7) yields that -codimensional graphs of intrinsic Lipschitz functions are locally the boundary of sets with locally nite G-perimeter (see Theorem 4.2.8). We recall a few notions related to the perimeter of sets in G. For more details and proofs, see [24] , [18] and [41] . 
We recall that |ϕ(p)| is the norm associated with the scalar product making X , . . . , Xn orthonormal. We denote by BV G (O) the normed space of bounded variation functions and by BV G,loc (O) the vector space of functions in BV G (U) for every open set U ⊂⊂ O.
Thus, the notion of ∇ G f can be extended to functions f ∈ BV G de ning ∇ G f as the vector valued measure
where (σ f ) j are the components of σ f with respect to the moving base X j .
De nition 4.2.2.
A measurable set E ⊂ G is a set with locally nite G-perimeter in Ω if its characteristic function E ∈ BV G,loc (Ω). In this case we call perimeter of E in Ω the measure
and we call generalized horizontal outward G-normal to ∂E the horizontal vector eld
De nition 4.2.3. Let E ⊂ G be a measurable set. We say that p ∈ ∂ *,G E if lim sup Proof. Because of the invariance of the G-perimeter under group translations, we may assume p = e. Moreover, by the homogeneity of the G-perimeter with respect to group dilations, it is enough to show that |∂Uc(e, )| G < ∞. We notice rst that ∂Uc(e, ) = {q ∈ G ; dc(e, q) = }, and that L n (∂Uc(e, )) = . We put u k (p) := The following Theorem is the group version of a special case of a theorem of Federer (see [4.5.11] of [15] ). See also Proposition 3.6.2 of [1] , [42] in Carnot groups and [27] in a class of metric spaces. Once more by the locality of the G-perimeter,
It follows that
This achieves the proof of the rst part of the theorem.
Finally, if ∂O ∩ U is an intrinsic Lipschitz graph, then its measure theoretic boundary in U coincides with ∂O ∩ U and the assertion follows from [18] , Theorem 7.1. 
